Chiral magnets possess topological line excitations where the magnetization within each cross section forms a skyrmion texture. We study analytically and numerically the low-energy, non-linear dynamics of such a skyrmion string in a field-polarized cubic chiral magnet, and we demonstrate that it supports solitary waves. Theses waves are in general non-reciprocal, i.e., their properties depend on the sign of their velocity v, but this non-reciprocity diminishes with decreasing |v|. An effective field-theoretical description of the solitary waves is derived that is valid in the limit v → 0 and gives access to their profiles and their existence regime. Our analytical results are quantitatively confirmed with micromagnetic simulations for parameters appropriate for the chiral magnet FeGe. Similarities with solitary waves found in vortex filaments of fluids are pointed out.
Manifestations of one-dimensional topological objects can be found in diverse systems such as domain walls in magnetic films, vortex filaments in classical as well as quantum fluids, or cosmic strings in the universe [1, 2] . Usually, these string-like objects can elastically bend and twist, and this elasticity also determines their dynamical behavior at low energies. This results in collective low-amplitude excitations, for example, Kelvin waves [3] that propagate along vortex filaments and play a key role in the decay of superfluid turbulence [4] . Certain filaments can also support non-linear solitary waves, which are spatially confined excitations that maintain a constant amplitude. For vortex filaments in fluids, solitary waves were theoretically predicted by Hasimoto [5] and subsequently observed experimentally [6] .
Topological strings of a different kind arise in cubic chiral magnets like MnSi, FeGe or Cu 2 OSeO 3 . Here, the competition between exchange and DzyaloshinskiiMoriya interactions stabilises magnetic skyrmions, i.e., two-dimensional topological textures of the magnetization [7] . These skyrmions extend along the third direction forming topological strings. Skyrmion strings align with the applied magnetic field H, and, under certain conditions, they condense into a hexagonal lattice forming a thermodynamically stable phase [8] [9] [10] .
The non-trivial topology of two-dimensional skyrmion textures has direct consequences for their magnetization dynamics. It is reflected by their Thiele equation of motion that predicts an efficient coupling to spin currents with interesting spintronic applications [11, 12] , for recent reviews see [13] [14] [15] [16] [17] . It also leads to an emergent electrodynamics for electrons as well as spin waves, that scatter off skyrmions, resulting in topological Hall effects [18] [19] [20] [21] [22] . In addition, skyrmions possess characteristic internal degrees of freedom like a breathing mode, that can be studied with magnetic resonance spectroscopy [23] [24] [25] [26] [27] [28] [29] .
Even richer is the dynamics of three-dimensional skyrmion strings due to their additional degrees of free-
Solitary wave excitation of an isolated skyrmion string, that is aligned with the magnetic field H =ẑH, propagating in a direction parallel (v > 0) and antiparallel (v < 0) to H. The figure is produced by micromagnetic simulation with parameters ωc2/(2π) = 10.4 GHz and 2π/Q = 70 nm typical for the chiral magnet FeGe [13, 30] . The dimensionless field is h = 2.16 corresponding to µ0H ≈ 0.8 T for g ≈ 2 resulting in a skyrmion string radius of approximately 5 nm. Solitary waves with amplitude R0 ≈ 5.8 nm are created at time t = 0 and propagate with velocity |v| ≈ 1 km/s. Periodic boundary conditions are employed, and the red line is defined according to Eq. (2) . Lengths in the (x, y)-plane are upscaled by a factor of five for visualization.
dom. Recently, it was demonstrated that spin waves generally propagate along these strings in a non-reciprocal fashion [31] [32] [33] . The elastic response of skyrmion strings gives rise to a non-reciprocal, non-linear Hall effect [34, 35] . Moreover, the merger of strings is necessarily accompanied with singular Bloch points that play the role of magnetic monopoles in the emergent electrodynamics [36] [37] [38] . In chiral magnets polarized either by a magnetic field or a uniaxial anisotropy, single skyrmion strings exist as topologically stable line excitations. Focussing on cubic chiral magnets, we demonstrate in the present work that solitary waves can propagate along such isolated strings, see Fig. 1 , efficiently transmitting energy, linear and angular momentum.
When damping is neglected, the magnetization dynamics is described by the Landau-Lifshitz equation ∂ t n = −γ(n × B eff ) for the orientation of the magnetization represented by the unit vector n where γ = gµ B / is the gyromagnetic ratio. The effective magnetic field, B eff = − 1 Ms δV δn , derives from the potential V = dr V; for cubic chiral magnets the potential density is given by
with the exchange stiffness A, the Dzyaloshinskii-Moriya interaction D, the magnetic constant µ 0 , the saturation magnetization M s , and the magnetic field H =ẑH that defines the z-axis. Dipolar interactions are neglected for simplicity. The scales for frequency and wavevectors are given by ω c2 = γD 2 /(2AM s ) and Q = D/(2A), respectively, and the theory (1) only depends on a single dimensionless parameter h = γµ 0 H/ω c2 parameterizing the strength of the magnetic field.
For h > 1, the ground state of the theory (1) is fieldpolarized, n z = 1, and we focus on this parameter regime in the following. This field-polarized state possesses a static skyrmion string excitation aligned with the field H [39] . This is a smooth magnetic texture with a quantized topological charge N top = dxdy ρ top = −1 for all values of z, i.e., for each cross section perpendicular to H. Here, ρ top (r) = 1 4π n(∂ x n × ∂ y n) is the topological charge density within the (x, y)-plane.
We first discuss the dynamical excitations of the skyrmion string on the level of linear spin-wave theory. The excitation spectrum of the skyrmion was studied analytically in Refs. 27 and 28. Extending this analysis to the skyrmion string, one obtains the spectrum as a function of wavevector k z along the field [32] , see Fig. 2 and the supplementary materials [40] for details. The spectrum lacks mirror symmetry with respect to k z , i.e., it is non-reciprocal due to the Dzyaloshinskii-Moriya interaction. The shaded region contains the scattering states, that are gapped for any h > 1. In addition, there are magnon-skyrmion bound states with wave functions localized to the skyrmion string. For the range of k z shown in Fig. 2 , there exist two dispersive bound states: the breathing mode, that possesses a finite energy at k z = 0, and the translational Goldstone mode. The spectrum of the latter is gapless, ω(k z ) ∝ k 2 z for |k z | k * , due to the translational invariance of the theory (1) [41] ; for the definition of k * see Fig. 2 . The degree of freedom associated with the Goldstone mode is the linear momentum of the skyrmion texture within the (x, y)-plane. This linear momentum corresponds to a collective coordinate R = Xx + Yŷ, and it is given by the first-moment of the topological charge density [27, 28, 42] 
We demand that the skyrmion string does not bend back so that its linear momentum is uniquely defined for each value of z. The dynamics of R is governed by the Thiele equation [11] that reads in the absence damping G × ∂ t R = F . The gyrocoupling vector G =ẑ4πN top M s /γ is proportional to the topological charge N top , and F is a force that acts on the string. In the absence of external forces, F = − δV eff δR is generated by the skyrmion string itself and derives from an effective potential V eff = dzV eff with a local density V eff , that can be phenomenologically constructed using symmetry considerations. Due to translational invariance V eff cannot depend on R itself but only on its derivatives with respect to z, i.e., ∂ z R, ∂ 2 z R, etc. We will limit ourselves to the case of small |∂ 2 z R|/|∂ z R| k * so that second and higher order derivatives can be omitted. Moreover, due to invariance of the theory (1) with respect to combined rotations of real and spin space around the z-axis the effective potential is only a function of (∂ z R)
2 . Assuming analyticity, we can approximate the potential for small (∂ z R)
2 by its Taylor expansion, and we obtain 4 . The elastic coefficient K 1 quantifies the stiffness of the string, and it is positive in order to guarantee stability. Importantly, the leading-order non-linearity possesses a coefficient K 2 > 0. In the framework of non-linear spin 
and we obtain a1 ≈ 0.903, a2 ≈ 0.041, b1 ≈ 0.467, b2 ≈ 0.071. The values for a1 and a2 are in good agreement with linear spin wave theory, see dots in the inset of Fig. 2(b) . The coefficients a2 and b2 account for the leading non-reciprocal corrections, that are small for |kz| k * and are omitted in Eq. (4). The amplitude for both simulation snapshots shown in the insets is R0 = 8 nm where lengths in the (x, y)-plane are upscaled by a factor of five.
wave theory, this non-linearity arises from fluctuations of the stiffness K 1 that, in second-order perturbation theory, gives rise to a positive K 2 . Here, we determine both In the following, it is convenient to introduce the dimensionless wave function
Using dimensionless time, x 0 = 2a 1 tω c2 , and length, x 1 = zQ, the Thiele equation reduces to the Euler-Lagrange equation for the Lagrange density
We arrive at the result that the low-energy dynamics of the skyrmion string is described by a nonlinear Schrödinger equation with an attractive interaction |∂ 1 ψ| 4 involving the derivative of the wavefunction. Now, we demonstrate that the theory (4) possesses solitary waves, and its elementary conservation laws are sufficient to derive their properties. The particle density j 0 = |ψ| 2 obeys the conservation law ∂ µ j µ = 0 with the associated current j 1 along the z-axis. The density |ψ| 2 ∝ R 2 is in fact proportional to the angular momentum of the skyrmion within the (x, y)-plane [27, 42] so that the total density measures the total angular momentum of the string J z ∝ dx 1 |ψ| 2 . In addition, the energy-momentum tensor is conserved,
We look for solitary wave solutions
that can be expressed as the Galilean transform of a wave function Ψ oscillating with frequency ω. As the interaction |∂ 1 ψ| 4 breaks Galilean invariance, we expect that the function Ψ will depend on the velocity v. The conserved densities reduce for Eq. (5) to functions of the variable ξ ≡ x 1 − vx 0 only, so that T ν ≡ −vT 0ν + T 1ν as well as J ≡ −vj 0 + j 1 become independent of both space and time. In fact, the three constants are linearly dependent as one finds
Moreover, for a localized solitary wave with boundary conditions |Ψ(ξ)| → 0 for ξ → ±∞ these constants vanish, T ν = 0. Decomposing Ψ(ξ) = A(ξ)e iφ(ξ) into magnitude and phase we can solve these two equations for A and its derivative A . Remarkably, we find that they are simply parameterized by the derivative of the phase, φ = ∂ ξ φ,
where α ≡ −2ω/v 2 represents the frequency. The two functions are
plane, that converges to the origin for |ξ| → ∞, is obtained for 0 < α < 
and both vanish for α → 0 + . For small α we can approximate f 1 (p) ≈ √ 2p and f 2 (p, α) ≈ p(2α − p), and we obtain explicitly the profile for a solitary wave centered at ξ = 0 up to a constant phase shift. From these expressions we can read off the spatial width ξ w ∼ 1 |v| √ α that diverges in this limit.
Note that the amplitude A max in Eq. (7b) diverges for small velocities v but this does not invalidate the theory. The Taylor expansion of the effective potential V eff is controlled as long as the derivative, |∂ z R| ∝ |∂ 1 ψ|, remains small. Its maximal value is attained at the center of the solitary wave, that is small |∂ 1 ψ| 2 | max ∼ α, for α → 0 + . Moreover, non-reciprocal corrections associated with the second derivative |∂ 2 1 ψ|/|∂ 1 ψ| ∼ v are negligible as long as the velocity is small, and, therefore, the theory (4) is under control for small v and α. We note that non-reciprocal corrections can, in principle, be taken into account spoiling however the simplicity of Eqs. (6) .
The solitary wave carries energy, linear and angular momentum along the string. In the limit of small α, the total energy is on the order E ∼ √ α |v| , and it diverges for small velocities due to the large width of the wave,
The energy density, however, remains small E/ξ w ∼ α. For the total linear and angular momentum we obtain, respectively, P ∼ √ α |v|v and J z ∼ √ α v 3 . Both are even more singular than E due to the large amplitude, Eq. (7b). As discussed above, the corresponding total currents are obtained by multiplying with v.
Our micromagnetic simulations confirm the presence of stable solitary waves, see Fig. 1 . We have extracted numerically their profiles for various values of v and α, see Fig. 4 and Ref. 40 . The profiles are found to be nonreciprocal, i.e., they depend on the sign of the velocity v. This non-reciprocity however decreases with decreasing |v|, and we find that they approach for v → 0 the analytical predictions for this limit. As the width as well as the amplitude of the solitary wave diverges for v → 0, finite-size effects of our simulation hamper the study of velocities smaller than the values listed in Fig. 4 . Solitary waves are confirmed to exist for α within the full range between zero and 1/8. For larger α, the skyrmion string becomes unstable and breaks, at least, for the discretization used in our micromagnetic simulation.
Finally, we compare with the dynamics of vortex filaments in superfluids. Vortices are singular defects of the superfluid order parameter in contrast to skyrmions that are smooth textures. As a consequence, the dynamics of vortex filaments are in general governed by a non-local Biot-Savart law. This non-locality is at the origin of the non-analytic dispersion, ω(k z ) ∼ k 2 z log k z , of Kelvin waves and it leads to stretching instabilities like the development of hairpins in the filament [2] .
Only when this non-locality is neglected within the localized induction approximation (LIA), the dynamics of the vortex filament is also described by a local Schrödinger equation with a Hamiltonian proportional to its length, H = dx 1 H with H = 1 + |∂ 1 ψ| 2 [4] . As a consequence, its length is conserved and stretching is neglected within the LIA. Interestingly, the resulting Schrödinger equation is integrable [43] and its solitons were first discussed by Hasimoto [5] . In the limit of small intrinsic curvature κ of the filament, |∂ 1 ψ| remains small and after Taylor expanding H the theory approximately coincides with that of Eq. (4) This has interesting consequences for the solitary waves studied here. Whereas the theory (4) itself is claimed to be non-integrable [44] , it is very close to an integrable theory in the limit of its applicability. This implies that the solitary waves of the skyrmion string are expected to be approximate solitons that almost retain their shape in collisions. Using the solitary waves as carriers, the skyrmion string therefore serves as a transmission line that allows for the simultaneous, though non-reciprocal, information transfer in both directions. Experimentally, solitary waves could be created, e.g., by inhomogeneous spin-transfer torques [13] Details concerning the results presented in the main text are provided. In section the linear spinwave theory is discussed that was used to compute the spectrum in Fig. 2 of the main text. In section the effective Lagrangian of Eq. (4) in the main text is analyzed, and the derivation of the solitary wave function is further explained. Finally, section contains details regarding the micromagnetic simulations and explanations of the movies that are also included in the supplementary materials.
LINEAR SPIN-WAVE SPECTRUM FOR THE SKYRMION STRING
The evaluation of the linear spin-wave spectrum for the skyrmion string is based on a standard technique that was previously applied to a variety of two-dimensional magnetic textures [1] [2] [3] [4] . Very recently, this spectrum was also computed for the skyrmion string by Lin et al. [5] with results in complete agreement with ours. Here, we review the method, and we give details of the eigenvalue problem that has to be solved.
The Landau-Lifshitz equation is the Euler-Lagrange equation of the Lagrangian density
where n is a unit vector field describing the orientation of the magnetization, V is the potential density, and A(n) is the spin-gauge field that obeys ∂Aj ∂ni − ∂Ai ∂nj = ijk n k . Let n 0 (r) be a static equilibrium solution of the magnetization. Small deviations from the equilibrium state can be parameterized by means of a complex valued function ϕ(r, t) in the following way
where e ± = (e 1 ± ie 2 )/ √ 2 with e 1 × e 2 = n 0 . This is a particular case of a general representation of spinoperators discussed in Ref. 6 . Using A(n) = A(n 0 ) + ϕ ∂A ∂ni e + i +ϕ * ∂A ∂ni e − i +O(|ϕ| 2 ) and the properties e + ·e + = e − · e − = 0, e + · e − = 1 the harmonic part of the Lagrangian density (1) is obtained in the form
where Φ = (ϕ, ϕ * ) t , τ z is the third Pauli matrix and V
is the harmonic part of the energy density.
In the following we consider the potential for cubic chiral magnets given in Eq. (1) of the main text. Using dimensionless time t = tω c2 and space r = rQ coordinates results in the following harmonic Lagrangian
Here
± where ∆ is the Laplace operator and
It is convenient to utilize the constraint |n 0 | = 1 by means of the angular parameterization n 0 = sin θε + cos θẑ, with ε = cos φx + sin φŷ. In this case vectors e 1 and e 2 can be defined as follows e 1 = ∂ φ ε, e 2 = −∂ θ n 0 and the potentials (5) obtain the form
Note that Eqs. (4) and (6) determine the linear dynamics for an arbitrary equilibrium state n 0 . Now, let us consider n 0 in the form of a skyrmion solution. In the cylindrical frame of reference ( , χ, z) the model (1) of the main text permits the separation of variables for the polar angle θ = θ( ) and the azimuthal angle φ = φ(χ). The function θ( ) is determined by the equation [7] ∆ θ − sin θ cos θ + 2 sin
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where φ = χ + sgn(D)π/2, and ∆ denotes the radial part of the Laplacian operator. The boundary conditions θ(0) = π and θ(∞) = 0 applied to Eq. (7) results in a skyrmion solution. In this case the potentials (6) have the form
Applying the Fourier transform
to the equations of motion generated by the Lagrangian (4) one obtains the following eigenvalue problem For each given value of the dimensionless field h > 1 the linear analysis proceeds in two steps: (i) by means of numerically solving Eq. (7) we obtain the skyrmion profile θ( ); (ii) using the profile θ( ) we determine the operator H kzm and numerically solve the eigenvalue problem (10) . An example of the resulting energy spectrum for h = 2.16 is shown in Fig. 2(a) We start with the corresponding Euler-Lagrange equations of motion that read
Multiplication of Eq. (11a) by ψ * and Eq. (11b) by −ψ and subsequent summation yields the conservation law
with the density j 0 and the associated current j 1 given by
For appropriate boundary conditions the total number of particles N = |ψ| 2 dx 1 is constant in time. Moreover, the symmetry with respect to space-time translations leads to the conservation law
for the energy-momentum tensor
Consequently, the total energy E = T 00 dx 1 and total linear momentum P = − T 01 dx 1 are constant in time.
The components of the energy-momentum tensor read explicity
For the Ansatz of the solitary wave function given in Eq. (5) of the main text with velocity v, all these components T µν as well as j µ are reduced to functions of the variable ξ = x 1 − vx 0 . The conservation laws (12) and (14) then imply that the following quantities are independent of space and time,
where |ψ
These quantities are
2 )J. In case of a spatially localized solution with boundary conditions A(±∞) = 0 and A (±∞) = 0 these constants vanish J = T 1 = T 2 = 0. Solving now any two equations of (17) for A and A one obtains Eqs. (6) of the main text. The resulting ordinary differential equation for the derivative of the phase φ (ξ) = vκ(ξ) reads in terms of the auxiliary localized function κ(ξ) centered at ξ = 0
where α = −2ω/v 2 . The initial condition (18b) originates from the condition A (0) = 0 that the derivative of the magnitude vanishes at the center of the solitary wave. Note that the initial condition is formulated for the point ξ = 0, which is exactly at the boundary of the definitional domain of the right-hand side of Eq. (18a). The assumptions of the Peano existence theorem [9] are therefore not fulfilled, and the Cauchy differential problem (18) can have more than one solution. As a consequence, in addition to the trivial solution κ(ξ) ≡ κ(0) = const, one obtains the localized one with κ(±∞) = 0, see Fig. 2(a) . Substitution of φ = vκ into Eq. (6) of the main text results in the phase trajectory shown in Fig. 2(b) and the magnitude shown in Fig. 2(c) . The phase kink shown in Fig. 2(d) is obtained by computing the integral φ(ξ) = v ξ 0 κ(ξ )dξ . In the limit α → 0 + , the total energy of the solitary wave is given by E ≈ 4 √ α |v| , the total momentum reads P ≈ 
MICROMAGNETIC SIMULATIONS
The micromagnetic simulations were performed with the OOMMF code [10] supplemented with the extension for the Dzyaloshinskii-Moriya interaction (DMI) in cubic crystals [11] . We used the parameters for the cubic chiral magnet FeGe with four Fe and four Ge atoms per unit cell that were given in Ref. c2 ≈ 15.3 ps. We simulated the magnetization dynamics within a cylinderically shaped sample oriented along the field with a diameter 100 nm and the length was varied from 0.8 to 5 µm depending on the width of the solitary wave. For most of the cases the spatial discretization was fixed to (∆x, ∆y, ∆z) = (1 nm, 1 nm, 3 nm). This enabled us to consider skyrmion string excitations with deformation gradients up to |∂ z R| max ≈ 0.25. For larger deformations we observed that the string broke producing a pair of oppositely charged Bloch points that quickly separated. For the largest samples the spatial discretization was increased to (∆x, ∆y, ∆z) = (2 nm, 2 nm, 5 nm).
Periodic boundary conditions were applied to the top and bottom surfaces of the cylinder so that the skyrmion string is effectively forming a loop. At the side surfaces of the cylinder we employed Dirichlet boundary conditions with a magnetization pointing along the field, n =ẑ. Open boundary conditions on the side surfaces would have the disadvantage that the magnetization twists at the boundary [13] effectively reducing the lateral size of the sample.
Each simulation was performed in two steps: (i) an initial magnetization n ini (r) was generated containing a solitary wave of a form close to the one expected theoretically. This magnetization was relaxed using the LandauLifshitz-Gilbert equation with a large damping parameter α g = 0.5 for several tens of picoseconds. (ii) Afterwards the damping was switched off, α g = 0, and the simulation was continued for a total time which varied from 7 to 40 ns depending on the velocity of the solitary wave.
Determination of the solitary wave profile
During the second stage (ii) of the simulation the magnetization snapshots were saved at timesteps ∆t = 10 ps. From each snapshot we extracted the skyrmion string coordinates X and Y by means of Eq. (2) of the main text, with which we numerically constructed the function Ψ sim (z, t) = X(z, t)+iY (z, t). A typical profile of the solitary wave defined by the magnitude R(z, t) = |Ψ sim (z, t)| as a function of z at a certain fixed time t is shown in Fig. 3(a) . From the profile function R(z, t) we extracted three time-dependent quantities: the amplitude R 0 (t) = max z R(z, t), the position z 0 (t) : R 0 (t) = R(z 0 (t), t), and the width ξ w (t) by means of fitting R(z, t) with the trial function R fit (z) = R 0 / cosh( z−z0 ξw ) at each moment of time. Results for R 0 (t) and z 0 (t) are shown in Fig. 3(b) and (c), respectively. Due to parasitic magnon excitations the amplitude R 0 (t) weakly fluctuates around a time-independent constant value R 0 t . The time averaged amplitude R 0 t and width ξ w t are listed in Table I.
Moreover, fitting the dependence z 0 (t) by a linear function z fit 0 (t) = V t + z ini 0 , we obtain the velocity V , that is also listed in Table I . In order to determine the rotation frequency Ω of the solitary wave within the comoving frame of reference, we considered the phase Φ 0 (t) = arg[X 0 (t)+iY 0 (t)] of the solitary wave at its center, where X 0 (t) = X(z 0 (t), t) and Y 0 (t) = Y (z 0 (t), t), see Fig. 3(d) . phase Φ(z) exhibits fluctuations, which are small within the region of the solitary wave |z − z 0 | < ξ w , but they are significant outside this region |z − z 0 | > ξ w (not shown). The derivative of the phase at the center of the solitary wave averaged over time Φ (0) t is listed in Table I .
With this procedure we constructed the solitary wave function Ψ sim (z, t) = R(z − V t)e iΦ(z−V t)+iΩt .
Comparison of Eq. (19) 
Movies of the solitary wave
For better illustration of the solitary wave dynamics we provide three movies constructed from our micromagnetic simulations.
movie1.mkv shows the full time evolution of the snapshots given in Fig. 1 Table I . Shown are 0.8 ns of its dynamics; details are explained in Fig. 4. movie3.mkv is an alternative representation of the dynamics shown in movie2.mkv. The local gyrovector field ρ =x i ijk n · ∂ xj n × ∂ x k n /(8π) was evaluated from the magnetization field, and it is shown by the green arrows in addition to the red line that represents Eq. (2) of the main text as in the previous two movies. The spatial distribution of the quantity |ρ| is represented both by the length of the green arrows as well as by the color
